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Abstract. It is proved that the subspace of the space of the set of all probability measures with more than n supports is a

topological manifold modeled by R" — spaces and is homotopically dense in it.
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INTRODUCTION

In this note, consider a compact set X, its space P(X) of probability measures. In what follows, we study the
properties of this space and its subspaces.

METHOD

Using the arbitrariness of the points of the considered space for the interior points of B: nel (X ) , we find a

homeomorphic space. The homotopy is used to prove that the above space is homotopy in Pn n—1(X ), and the
homotopy required for the proof is constructed.
In this note, we prove the subspaces Pn el (X ) of all probability measures P (X ) , whose supports

consist of exactly 71 points; it is an (n - 1) — dimensional topological manifold.
For compact sets X | there is a simple topological classification of the spaces P(X) of all probability
measures. In the case of a finite 77 —point space X = {n}, the points £/ of the space P(I’l) = Pn(}’l) are

convex linear combinations of Dirac measures:
u=mo0)+mo1)+..+m_6(n—1)
. . . . . . . -1
Therefore, they are naturally identified with points of the (l’l - 1) — dimensional simplex O "™ . Moreover,

the Dirac measures O (l) form the vertices of the simplex, @ the masses 1, placed at the points I are the

. . . . . —1
barycentric coordinates of the measure £{. Thus, P (n) is affinely homeomorphic to the simplex O ! [1].
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In the case of an infinite compactum X | the space P (X ) is also compact ( P preserves weight). Further,

it, containing simplices of an arbitrarily large number of dimensions, is infinite-dimensional. By Cayley's theorem
[2]. a convex compact set P (X ) C RC(X) is affinely embedded in / 5 - Therefore, by Keller's theorem, the
compact set P (X ) , as an infinite-dimensional convex compact set lying in 14 5 » is homeomorphic to the Hilbert
cube Q = [* . On the other hand, the space P (X ) of all probability measures on a compact set X s called

the set of all regular Borel probability measures on X, equipped with the weakest of the topologies for which each

functional fu :C (X ) —>Ris continuous, taking the measure [/ to ,u(U ) (U is an open set in X ).

For an arbitrary compact set X' and measure ME P (X ), its support supp( /,l) is defined; this is the
smallest of the closed sets F c X for which ,Ll(F) = ,Ll(X), ie.
supp(u) =(WA: A=A, peP(4)};

Pn(X) = {/J € P(X) : |supp /,l| < I’l} — is the set of all measures M with at most N supports.

Definition [2]. A topological space X is called a manifold modeled on the space Y , or a ¥ — manifold if
every point of the space X has a neighborhood homeomorphic to an open subset of the space Y .

Definition [2]. A subset 4 C X of a space X is called homotopy dense in X if there exists a
homotopy /(x,2): X x[0,1] = X such that A(x,0) = idX and h(x,(0,1]) c 4.

For an infinite (any) compact set X and any ne N functor R ,» Wwe put
f)n,n—l(X) = B,(X)\RH(X)
Theorem 1. For any zero-dimensional compactum X , the subspace Pn i (X ) of the space Pn (X ) is

an (n — 1) — dimensional manifold and is homotopy dense in Pn (X ) .

Proof. Let X be an arbitrary compact. Two cases are possible.

1°. X is a finite set. For definiteness, let X consist of 77 points. Then Pn(X) = Pn (fl) =o' isan
(n - 1) — dimensional standard simplex. T()C1 ,xz,...,xn) = Gn_l is a simplex from the vertex at points X, .
And the subspace Rm_l(ﬁ) :T(xl,xz,...,xn)\Fr(T(xl,xz,...,xn :intT(xl,xz,...,xn), ie.
BUH (ﬁ) = TO (xl,xz,...,xn) — interior of a simplex. The interior is TO (xl,xz,...,xn) —homeomorphic
to the space Rn_1 [3], that is, Pn,n_1 (ﬁ) is an (n — 1) -dimensional manifold Rn_l.

20, X is an infinite compact. It is known that the space Pn (X ) consists of a linear combination of Dirac

measures of the form:
U=mo, +m0, +...+m0, (1)

n
where 5){» — is the Dirac measure, X; € X,0< m, <1, Zml. =1.
' i=1

Consider the subspace BI n—l(X) of the space Pn (X) Obviously Pn n—l(X) is open in Pn (X)
Take an arbitrary point LI € Pn el (X ) , then
u=mo +mo,+..+mo,,
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=n and ml.>0, ml.<1. Hence,

X, Xy X, —are mutually different, ie. |X,,X,,...X,
HE To(xl,xz,...,xn) = intT(xl,...,xn) —is the interior of the simplex. It is known that
TO(XI,.XZ,...,Xn) is homeomorphic to the space R™". As O(ﬂ) , we identify the set To(xl,xz,...,xn) ,
that is, each point of P, (X)) has a neighborhood homeomorphic to R"™'. Hence, P, ,(X) is an
(n —1) -dimensional manifold.

Now we show that the subspace F, | (X) is homotopy dense in P, (X'). We construct the desired
homotopy /1(,¢) 1 P.(X)x[0,1]— P.(X) by a shallow h(g,t)=(1—t)p+1t-r(4), where
te [0,1], HE R: (X), and F(,Ll) : P(X) - P(supp ,u) are barycentrically open mapping [3]. If,
£ =0 then h(1,0)= (1= 0)p+0- (1) = p ie. h(u,0)=1id, ..

it t€(0,1], then A(p,t)=(1—-t)u+t-r(u)e P (X) supp A(4e,t) consists of exactly
n — distinct points. those. h(,u,t) € Pn,n_1 (X) . This means that Pn,n_1 (X) is homotopy dense in Pn (X) .
The theorem is proved.

If X is an infinite compact set, then X has a countable proper everywhere dense subset, i.e. |A0| =%

and A=X.
Let A be of the form {xl,xz,...,xn,...} ie. A= {x,. e N,xi S X}
Forany n € N, put
A ={x:x, €A, i=1n}

In this case, there is the following chain of subspaces A[ for which takes place:
a) Ai = {point};
b) An consists of 71 points of X . that is, |An| =n;
oA cAc.cd c..;
d) An = An, ie. An is closed and compact:

o0
e) U An =A.

n=l1

From the properties of everywhere dense subsets of infinite compact sets and the properties of the functor P
of  probability —measures, the subspace P (A) is  everywhere dense in P (X ) and

P(A)=P(U 4,)=UP(4,).

n=l

On the other hand, the set Pn (A) is also everywhere dense in Pn (X ) and

[‘:l(A) = Pn([j Ak) = LnJ Pn(Ak) Consider the set
k=1 k=1

P.(X)\P,(4) = P(X)\UP,(4).

For a functor Pn , a compact set X from a closed subset A C X has equality.
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P(X\A)=P,(X)\S, (4) m
Here we denote by SFZ (A) the set {,u € PH(X) : supppn (/J) ﬂ A+ @}

Theorem 2. For any compact set X and any closed subset Ac X other than X , the subspace
SP (A) is homotopy dense in PH(X) .

Proof. Let X bean arbitrary compact and Ac X, Aclosedin X, A# X .
Two cases are possible:

1. The compact set X is finite;
2. The compact X is infinite;

1.1f X is a finite 77 — elementary set, then Pn (X) is affinely homeomorphic to the simplex G’H .

In this case, the set SP” (A) is not empty and convex. Therefore, is homotopy dense in SP” (A) . 2. Let
X be infinite and 4 # X . We construct the desired homotopy h(,u,t) : B: (X) X [0,1] —> RI(X) by
sloping h(/,l,l) = (1 —t)/l + t,uo where £/, is a fixed point of Pn(X \ A) For example, the Deere
measure 5):0 at the point X, € X\A4,te[0,1].

11 £=0, then h(1,0)=(1-0)pu+0- g, = pt.ie. h(1,0)=1id, .

it £€(0,1), then A(p,t)=(1—1)p+1t- 14, In this case, the support of the measure /1(44,1)
contains points SUPP £/ and points SUPP £/, that is, SUPP h(/,l, t) o Ssupp u U SUpp 4, - This means that
h(u,t) €S, (A4).

Consequently, the set SPn (A) is homotopy dense in Pn (X) . Theorem 2 is proved.

Theorem 3. For any infinite compactum X and its closed subset A4 different from X , the subspace

P(X) \ P(A) is homotopy dense in P(X) .
Proof. Let X be an infinite compactum and Ac X, A= Z, A# X . In this case, P(X) is
homeomorphic to the Hilbert cube Q = ﬁ[—l,l]i . that is, P(X) a Q = ﬁ[—l,l]i , where [—1,1] isa
i=1 i=1
segment in R .
We construct the desired homotopy h(/l,l) . P(X) X [0, 1] —> P(X) by sloping
h(pst) = (L= p+ 1,
where 1t € P(X), p, € P(X)\ P(A4).
If e P(X) and t =0, then h(y,t) = (1—0)/,1 +0 * Hy = M . those. h(,u,O) = idP(X).
if £ €(0,1], then h(u,t)= (1—t)u+tu0. The support of the measure /(£4,¢) contains not

entirely in the set A. Consequently, the measure h( J7N; ) epr (A) Hence, the measure
h(ﬂ,l‘) S P(X) \ P(A) . This means that the subspace P(X) \ P(A) is homotopy dense in P(X) .

Theorem 3 is proved.
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1.

CONCLUSION

For any compact set X and any point Xy € X | itis true:
a) SP (xo) is homotopy dense in BI (X) ;
b) the subspace P (X ) \ 5x0 is homotopy dense in P (X ) .
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